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 
Abstract—This paper studies a special class of linear codes, called 
skew cyclic codes, over the ring R= Fq+uFq+…+uk-1Fq, where q is a prime power. A Gray map ɸ from R to Fq and a Gray map ɸ' from Rn to 
Fnq are defined, as well as an automorphism Θ over R. It is proved that the images of skew cyclic codes over R under map ɸ' and Θ are cyclic 
codes over Fq, and they still keep the dual relation.  
Keywords—Skew cyclic code, gray map, automophism, cyclic 
code. 
I. INTRODUCTION 
N recent years, the study of coding theory on finite chain has 
attracted the attention of many scholars. Reference [1] shows 
cyclic codes of odd length and self-dual codes over ring 
2 2F uF . The structure and weight of the cyclic code of 
arbitrary length over 2 2Z uZ  and 22 2 2Z uZ u Z   has 
been given in [2]. Reference [3] shows skew codes over 
4 4F vF ( 2v v ), and shows the relationship between the cyclic 
codes and the cyclic codes over the ring 2 2F vF  and 4F , by 
defining the Gray map.  
As a finite ring in more general sense, the research of the 
structure of cyclic codes, cyclic codes and quasi cyclic codes 
over the ring 1kq q qR F uF u F     has aroused the 
interest of many people. Reference [4] provides the structure 
and ideal over the ring 1kq q qF uF u F    length sp n  
where ,p n  are coprime, and obtains the direct sum and 
spectral representation (MS polynomial) of the cyclic codes 
over the ring by using the discrete Fourier transform and 
inverse isomorphism. According to [5], the structure and the 
number of codewords of all  1u  - cyclic codes with length 
ep  over finite chain ring 1kq q qF uF u F    are generated by 
finite ring theory. Reference [6] studies the Gray image of 
constacyclic codes over finite chain rings; it is proved that the 
Gray image of arbitrary cyclic codes over finite chain rings is 
equivalent to quasi cyclic codes over finite fields. Reference [7] 
shows quasi cyclic codes over the ring 1kp p pF uF u F   , 
and establishes the relation between cyclic codes over 
1k
p p pF uF u F
    and quasi cyclic codes over pF . By using 
the torsion codes of arbitrary  1 u -length constacyclic codes 
over [ ]/m kpR F u u   , the bound of homogeneous distance 
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of these constacyclic codes is obtained in [8], and a new Gray 
map is defined to establish the relation between the 
constacyclic codes over R and the linear codes over mpF , then 
some optimal linear codes are constructed. 
This paper will study the properties of skew cyclic codes 
over 1kq q qR F uF u F     where q  is prime power.  
II. LARGE BASIC KNOWLEDGE 
1k
q q qR F uF u F
     is a finite ring where mq p , p  is 
arbitrary prime, and m is positive integer. Any element c  in 
the ring R  can be represented uniquely by 
1
0 1 1( ) ( ) ( )k kc r c ur c u r c      where ( )i qr c F , 0 1i k   . 
A subset C  of the ring R  is called a code over R , in which 
the element is called a codeword. And a linear cyclic code 
length n  over R  can be considered as a R-submodule of nR . 
There are two forms to express these elements in C the first 
one is 0 1 1( , , , )nc c c c C  in vector form, another one is 
  10 1 1 nnf x c c x c x C      in functional form. 
Define the new Grey map   as follows: 
 
: kqR F   
 
   10 1 1 0 0 1 0 1 2 0 1 1, , , ,k k kr ur u r r r r r r r r r r              
 
Thus, there is another Grey map   which is derived as: 
 
: n knqR F   
 
        

0 1 1 0 1 1
0,0 0,0 1,0 0,0 1,0 2,0 0,0 1,0 1,0
0,1 0,1 1,1 0,1 1,1 2,1 0,1 1,1 1,1
0, 1 0, 1 1, 1 0, 1 1, 1 2, 1 0, 1 1, 1 1,
, , , , , ,
, , , , ,
, , , , ,
, , , ,
n n
k
k
n n n n n n n n k
c c c c c c
r r r r r r r r r
r r r r r r r r r
r r r r r r r r r
    


        
 
      
     
     
 
 
 

  1n
 
 
The Hamming weight of codeword  0 1 1, , , nc c c c    in 
R  is defined as  1
0
( )
n
H H i
i
w c w c


  , where  
 
  1, 00, 0iH i i
c
w c
c
  
, 0 1i n   . 
 
The Hamming distance of code C  is defined as  
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   min ,H Hd C d c c , 
 
where ,c c C  , c c ,    ,H Hd c c w c c   . 
We define the Lee weight of codeword  0 1 1, , , nc c c c    
in R as   1
0
( )
n
L H i
i
w c w c

  , where   H iw c  is Hamming 
weight of  ic . We also define the Lee distance between c  
and c  as    min ,L Ld C d c c , where ,c c C  , c c , 
   ,L Ld c c w c c   . 
Obviously, the Gray map   is an isometric mapping from 
nR (Lee distance) to knqF (Hamming distance). 
Theorem 1. If C  is [ , ]n M  linear code over R  and  Ld C d
, then  C  is [ , ]nk M  linear code over qF  and 
  Hd C d  . 
Proof.     L Hd C d C  is known. It can be seen easily 
that the length of  C  is nk . Next, it needs to prove that   
keeps linear operation. 
Let 0 1 1( , , , )nc c c c   , 0 1 1( , , , ) nne e e e R  , when 
0 1i n   , there are 
 
1
0 1 1( ) ( ) ( )ki i i k ic r c ur c u r c      
 
1
0 1 1( ) ( ) ( )ki i i k ie r e ur e u r e      
 
Thus, 
 
      
     
     
     
     
         
0 0 1 1 1 1
0 0 0 0 0 0 1 0 0
0 0 0 1 0 0 1 0 0
0 1 1 0 1 1 1 1 1
0 1 1 1 1 1 1 1 1
0 0 0 0 1 0 0 0 1 0
, , ,
, , ,
, ,
, , ,
, , ,
n n
k
n n n n n n
n n n n k n n
c e
c e c e c e
r c e r c e r c e
r c e r c e r c e
r c e r c e r c e
r c e r c e r c e
r c r c r c r c r c r

    

     
      
 
     
    
     
   
     
    


 


   
           
           
           
   
   
0
0 1 0 1 1 1 0 1 1 1 1
0 0 0 0 1 0 0 0 1 0 0
0 1 0 1 1 1 0 1 1 1 1
0 1 1 0 1 1
,
, , ,
, , , ,
, , ,
, , , , , ,
k
n n n n n k n
k
n n n n n k n
n n
c
r c r c r c r c r c r c
r e r e r e r e r e r e
r e r e r e r e r e r e
c c c e e e
c e
 
 
     
     
 
   
    
   
  
  

 
  
 
 
 
 
If qF , c R , then 
 
       0 1 1 0 1 1, , , , , ,n nc c c c c c c c                
 
So,   keeps linear operation and   is a bijection. Thus, 
the number of codewords in C  and  C  is the same. This 
gives the proof. 
Now, define a ring automorphism   as follows 
 
   10 1 1
1 2 2
0 1 2 2 1
k
k
k k
k k
c r ur u r
r u r u r u r ur
   
 
 
   
     


 
 
for all 10 1 1( ) ( ) ( )k kc r c ur c u r c      in R . One can verify 
that   is an automorphism and  2 a a   for any a R . This 
implies that   is an automorphism with order 2.  
A ring like  
 
 10 1 1[ , ] : ,0 1,nn iR x a a x a x a R i n n N           
 
is called skew polynomial ring. For a given automorphism   
of R , the set [ , ]R x   of formal polynomials forms a ring under 
usual addition of polynomial and where multiplication is 
defined using the rule      i j i i jax bx a b x   . 
Let  
0
s
i
i
i
f x f x

  ,  
0
t
i
i
i
g x g x

  , where if  and ig  are 
units of R , then there exist unique polynomials  u x  and 
 v x  of [ , ]R x   which make        g x u x f x v x    
establish where   0v x   or      deg degv x f x . When 
  0v x  ,  f x  is called the right divisor of  g x ; that is, 
 f x  right divides  g x  exactly. 
Let  [ , ] 1n nR xR x  , define multiplication from left as  
 
            1 1n nr x f x x r x f x x       , 
 
where    1nf x x   is element of nR , and   [ , ]r x R x  . 
For any 1 2( , , , )nx x x x  , 1 2( , , , )ny y y y   in nR ,the 
inner product is defined as 
1
,
n
i i
i
x y x y

  . Let C  be linear 
code over R , the dual code of C  is 
 , 0,nC x R x c c C      . A code C  is called self-dual 
code if C C . 
Definition 1. A subset C  of nR  is called a quasi-cyclic code 
of length N ( N ns ) ifC  satisfies the following conditions: 
(1) C  is a R -submodule of nR ; 
(2) If 
 


0,0 0,1 0, 1 1,0 1,1 1, 1
1,0 1,1 1, 1
, , , , , , , , ,
, , ,
n n
s s s n
c c c c c c c
c c c C
 
   


  

, 
 
then  
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  

1,0 1,1 1, 1 0,0 0,1 0, 1
2,0 2,1 2, 1
, , , , , , , ,
, , , ,
n s s s n n
s s s n
c c c c c c c
c c c C
     
   


 
 
. 
 
Particularly, C  is cyclic code when 1n  . 
Definition 2. A subset C  of nR  is called a skew cyclic code 
of length n if C  satisfies the following conditions: 
(1) C  is a nR -submodule of nR ; 
(2) If 0 1 1( , , , )nc c c c C  , then  
        1 0 2, , ,n nc c c c C      . 
III. CONSTRUCTION 
Theorem 1. The center of [ , ]R x   is 2qF x   . 
Proof. The subring of the elements of R  that are fixed by   is 
qF . Since   is an automorphism with order 2, for any a R , 
there is        2 2 2 2 2 2ii i i i ix a a x a x ax     . Thus 2ix  is 
in the center of [ , ]R x  . This implies that any 
  2 4 20 1 2 ssf x x x x         is a center element with 
i qF  , 0 i s  . 
Conversely, let   ,Z R x   be the center of R , so 
   f x a a f x    for any     ,f x Z R x   and any 
a R . Since   20 1 2 nnf x x x x         for i qF  ,
0 i n  , there are  
 
   f x a a f x   , 
   2 20 1 2 0 1 2 ,n nn nx x x a a x x x                  
     2 20 1 2
2
0 1 2
n n
n
n
n
a a x a x a x
a a x a x a x
      
   
   
    


. 
 
It is known that 2  , so there are i ii ix a a x    when 
i  is even, and i ii ix a a x    when i  is odd. Hence, any 
  20 1 2 nnf x x x x         of   ,Z R x   only exists 
even power term of x , that is 
  2 4 20 2 4 2 ssf x x x x        . Thus, any element of 
center is in 2qF x   . This gives the proof. 
Theorem 2. Let  [ , ] 1n nR xR x  , a code C  in nR  is a 
skew cyclic code if and only if C  is a left [ , ]R x  -submodule 
of the left [ , ]R x   module nR . 
Proof. Suppose C  is  -cyclic code, so 
      1 0 2, , ,n nc c c C      for 0 1 1( , , , )nc c c c C  , 
that is for any   10 1 1 nnf x c c x c x C     , there is 
 x f x C  . Next,    g x f x C   for any   [ , ]g x R x   
from linear property, then C  is a left [ , ]R x  -submodule of 
the left [ , ]R x   module nR . 
Now suppose that C  is a left [ , ]R x  -submodule of the left 
[ , ]R x   module nR , so  
 
        1 0 2, , ,n nx f x c c c C       
 
for any   10 1 1 nnf x c c x c x C     , this implies that 
 
      1 0 2, , ,n nc c c C      
 
for any 0 1 1( , , , )nc c c c C  . Thus, C  is  -cyclic code. 
This gives the proof. 
Theorem 3. Let C  be a  -cyclic code in  [ , ] 1n nR xR x   
and let  f x  be a polynomial in C  of minimal degree. If 
 f x  is monic polynomial, then  C f x  where  f x  is 
a right divisior of 1nx  . 
Proof. Suppose        g x u x f x v x    for any  g x C  
where   0v x   or      deg degv x f x . Since  f x C
, then        v x g x u x f x C    . Also since  f x  is 
polynomial in C  of minimal degree, we have   0v x  , this 
implies that  C f x . 
Since the  -cyclic codes over nR and its left [ , ]R x 
-submodule are corresponding one by one, thus  f x  is a right 
divisior of 1nx  . This gives the proof. 
Theorem 4. Let n  be even. If codes C  over R are  -cyclic 
codes, so is its dual codes C . 
Proof. Let 0 1 1( , , , )nc c c c C  , 0 1 1( , , , )na a a a C  , so 
, 0c a   for any c  and a . Since C  is  -cyclic codes, then 
      1 0 2, , ,n na a a C     . Thus, 
 
      1 1 11 2 0, , ,n n na a a C      . 
 
Therefore, 
     1 1 10 1 1 2 1 0 0n n nnc a c a c a         
           0 1 1 2 1 0 0n n nnc a c a c a          
 
It is known n  is even, then have  n j ja a   for ja R .  
Hence, 
 
     0 1 1 0 1 2 0n n na c a c a c         
 
by transforming formulas. Thus 
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      1 0 2, , ,n nc c c C       and C  is  -cyclic codes. 
This gives the proof. 
Theorem 5. Let n  be even, then the  -cyclic codes C  
generated by a monic right divisior  g x  over R  are cyclic 
codes if and only if the coefficients of  g x  are elements of qF . 
Proof. Let   1
0
m
m i
i
i
g x x g x


   where i qg F . So,  i ig g 
,    x g x g x x    from definition of  , thus the  -cyclic 
codes C  generated by a monic right divisior  g x  over R  
are cyclic codes. 
Let the  -cyclic codes C  generated by  g x  over R  be 
cyclic codes, then  x g x C  ,  g x x C  . Hence, 
 
     
        20 0 1 1 1 1 mm m
u x x g x g x x
g g x g g x g g x C    
   
         
 
Since  g x  is the right divisor of  u x , there exists 
    11 1 0m mmu x t g x tx tg x tg x g        where t  is a 
constant. Comparing two formulas of  u x , then 
 
 1 1m mg g t    , 
 2 2 1m m mg g tg     , 
   1 1 2g g tg   , 
 0 0 1g g tg   , 
0 0tg  . 
 
If 0t  , then   0u x  , this theorem is proved. If 0t  , 
0 0g  , it shows that 0ig  ,1 1i m   , hence   mg x x , 
 i ig g  , 0 i m  . Thus, the coefficients of  g x  are 
elements of qF . This gives the proof. 
Theorem 6. Let n  be odd and C  be a skew cyclic code of 
length n  over R . Then, C  is equivalent to cyclic code of 
length n  over R . 
Proof. Since n  is odd,  gcd 2, 1n  . Hence, there exist 
integers ,b c  such that 2 1b cn  . Thus, 2 1 1b cn zn     
where 0z  . 
Let   10 1 1 nna x a a x a x C     , we have 
 
 
     
2
2 1 2 2 2
0 1 1
2 1
1 0 1 2
b
b zn b zn b n zn
n
n
n n
x a x
a x a x a x
a a x a x a x C
    

 

   
     


 
 
Thus, C  is cyclic code of length n  over R . This gives the 
proof. 
Corollary 1. If C  is a skew cyclic code of length n  over R, 
then the Gray image  C  of C  is equivalent to quasi-cyclic 
code of length nk  over qF . 
Proof. Let  0 1 1, , , nc c c C  , each element c  in C  can be 
expressed as 10 1 1( ) ( ) ( )k kc r c ur c u r c     . It is known that 
        1 0 2, , ,n nc c c c C      , that is  C C  . 
For  ,     C C    . From Theorem 1 in Section II, 
 C  is linear code over qF  and   keeps linear operation, 
so 
 
  
      
 
 
 
0 1 1
1 0 2
1 2
1,0 1,1 1,2 1, 1
1 2
0,0 0,1 0,2 0, 1
1 2
2,0 2,1 1,2 2, 1
1,0 1,0 1,1 1,0 1,1 1,2
, , ,
, , ,
,
, ,
, , ,
n
n n
k k
n n n n k
k k
k
k k
n n n n k
n n n n n n
c c c
c c c
r u r u r ur
r u r u r ur
r u r u r ur
r r r r r r
 
   




 
 
    
 

 
    
     


    
   
   
   



 



1,0 1,1 1,2 1, 1 0,0 0,0 0,1 0,0 0,1 0,2
0,0 0,1 0,2 0, 1 2,0 2,0 2,1
2,0 2,1 2,2 2,0 2,1 2,2 2, 1
,
, , ,
, , , , ,
, ,
n n n n k
k n n n
n n n n n n n k
r r r r r r r r r r
r r r r r r r
r r r r r r r
    
   
       
      
    
     


  
 
 
 
Now, each section of right side of equation is a cyclic code of 
length nk . Thus,  C  is quasi-cyclic code of length nk  over 
qF . This gives the proof. 
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